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Shock wave configurationsAbstract When the pressure ratio increases from the perfectly expanded condition to the third lim-
ited condition in which a normal shock is located on the exit plane, shock wave configurations out-
side the nozzle can be further assorted as no shock wave on the perfectly expanded condition, weak
oblique shock reflection in the regular reflection (RR) pressure ratio condition, shock reflection hys-
teresis in the dual-solution domain of pressure ratio condition, Mach disk configurations in the
Mach reflection (MR) pressure ratio condition, the strong oblique shock wave configurations in
the corresponding condition, and a normal shock forms on the exit plane in the third limited con-
dition. Every critical pressure ratio, especially under regular reflection and Mach reflection pressure
ratio conditions, is deduced in the paper according to shock wave reflection theory. A hysteresis
phenomenon is also theoretically possible in the dual-solution domain. For a planar Laval nozzle
with the cross-section area ratio being 5, different critical pressure ratios are counted in these con-
ditions, and numerical simulations are made to demonstrate these various shock wave configura-
tions outside the nozzle. Theoretical analysis and numerical simulations are made to get a more
detailed understanding about the shock wave structures outside a Laval nozzle and the RRMMR
transition in the dual-solution domain.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
It is well-known that the aerodynamic study of supersonic jets
exhausting from Laval nozzles is of great significance in someengineering applications, especially in space and aeronautical
industry. In engineering practice, it is used for the exhaust port
of the engines for rockets and supersonic jet airplanes. In
rocket engines, nozzles are used to accelerate hot exhaust pro-
ducing thrust.1 In many cases the imperfect matching between
the ambient pressure and the exit-nozzle pressure leads to com-
plicate shock wave structures. The flow gradually adapts to
ambient conditions when it passes through the system of shock
waves, so more shock wave structures have been found outside
a Laval nozzle from the perfectly expanded condition (the flow
is isentropic through the nozzle and supersonic at the nozzle
exit without any shock waves or expansion waves) to the third
limited condition (a normal shock is located at the exit plane).
Shock wave configurations and reflection hysteresis outside a planar Laval nozzle 1363The flow phenomena outside a nozzle2 have been analyzed in
some textbooks and seven conditions of flow regimes were sim-
ply referred, which will be given next.
In recent years, great progress has been achieved in investi-
gating substantial aspects of shock wave configurations, espe-
cially in the regular reflection (RR)MMach reflection (MR)
transition. In the transition, both regular reflection and Mach
reflection are theoretically possible, and thus this range is con-
sidered as the dual-solution domain. The existence of the dual-
solution domain led Hornung et al.3 to predict that a hysteresis
can occur in the RRMMR transition. In the following study,
some experimental attempts which were made by Hornung
and Robinson4 to verify this hysteresis failed, thus they
believed that the regular reflection wave structures were impos-
sible in the dual-solution domain. According to the principle of
minimum entropy production, Li and Ben-Dor5 analytically
showed that the regular reflection wave structure is stable in
the dual-solution domain. Soon after that, the hysteresis in
the RRMMR transition was observed experimentally for the
first time by Chpoun et al.6 Then Vuillon et al.7 did some
numerical simulations with the aid of the FCT (Flux-
Corrected Transport) algorithm and they illustrated the exis-
tence of both regular reflection and Mach reflection wave con-
figurations. After these studies, Shirozu and Nishida8, Ivanov
et al.9, Hornung10, and Ben-Dor et al.11 made some numerical
simulations to demonstrate the hysteresis phenomenon.
For a Laval nozzle, the flow structure is similar to the case
of supersonic flow between symmetric wedges, so the hysteresis
phenomenon can also be observed outside a nozzle. Kudryavt-
sev et al.12 and Hadjadj13 numerically investigated the shock
wave reflection transition in a plane overexpanded jet. Euler
simulations with a high-order WENO (Weighed Essentially
Non-Oscillatory) scheme were carried out and then a second-
order TVD (Total Variation Diminishing) scheme is used to
conduct Navier–Stokes computations with the k–e turbulence
model. As a consequence, the simulations elucidated the
impact of viscosity and turbulence on the shock wave reflec-
tion transitions Shimshi et al.14 performed CFD simulations
by solving the steady state Reynolds-averaged Navier–Stokes
equations, and a second-order upwind discretization scheme
was used in the simulation. As a result, they concluded that
the hysteresis phenomenon takes place outside the nozzle even
when viscous effects were introduced.
The hysteresis phenomenon has been demonstrated either
experimentally or numerically. Together with the hysteresis
phenomenon occurred in the RRMMR transition, a detailed
description about more flow structures outside a Laval nozzle
will be discussed in the paper. These flow structures contain no
shock wave on the perfectly expanded condition, weak oblique
shock reflection at regular reflection pressure ratio, shock
reflection hysteresis in the dual-solution domain of pressure
ratio condition, Mach disk configurations at Mach reflection
pressure ratio, the strong oblique shock wave configurations
under the corresponding condition and a normal shock forms
on the exit plane in the third limited condition.
In the present study, according to the changes of the cross-
section area ratio Ae=A
 (the ratio of the exit area to the throat
area) and the theory of shock wave reflection, these pressure
ratios are under the constraints based on the downstream pres-
sure corresponding to different shock wave reflection phenom-
ena and then they are derived. As a result, the limit curve of
pressure ratio under different working conditions for a Lavalnozzle is obtained. An appropriate cross-section area ratio is
chosen to be applied to the calculation. Therefore, the pressure
ratios, which correspond to the perfectly expanded condition,
the regular reflection wave configurations condition, the Mach
reflection wave configurations condition, strong oblique shock
wave configurations condition and the third limited condition
in which a normal shock occurs at the exit plane, are com-
puted. The total pressure is set as a certain value, and then
the back pressure for every working condition can be gained
based on the pressure ratios. Choosing a certain back pressure
for each condition to carry out the numerical simulation, the
pressure and Mach number contours will be obtained to dis-
play the shock wave reflection phenomena.
The hysteresis phenomenon was found by changing param-
eters for a certain wedge, or it was found in a Laval nozzle. As
previously mentioned, the hysteresis phenomenon occurred in
the RRMMR transition, which was found by changing param-
eters for a certain wedge, or it was found in a nozzle, and it
may occur under different back pressures outside a nozzle.
The present study is mainly focused on the shock wave struc-
ture outside a Laval nozzle. In the dual-solution domain,
numerical simulations are conducted with appropriate pressure
ratios and then the hysteresis phenomenon can be observed
outside the Laval nozzle with a certain cross-section area ratio
for the reason that the back pressure changes.
2. Theoretical methods and results
2.1. Theoretical analysis
2.1.1. Flow regimes outside a Laval nozzle
The shock wave configurations outside a nozzle are actual
phenomena of shock wave reflection which have been stud-
ied for many years. The flow outside a Laval nozzle is dif-
ferent under varying back pressures. The pressure
distribution through a nozzle under various back pressures
is shown in Fig. 1. In Fig. 1, p is the back pressure, p rep-
resents the back pressure equals the pressure at the throat,
and p0 is the total pressure.
Four flow regimes are possible, for a total of seven condi-
tions, as shown in Fig. 1(a). In Regime I the flow is subsonic
throughout a nozzle. The flow rate increases with decreasing
back pressure. At Condition f, which forms the dividing line
between Regimes I and II, flow at the throat is sonic.
As the back pressure is lowered below Condition f, a nor-
mal shock appears downstream from the throat, as shown by
Condition e. There is a pressure rise across the shock. Since
the flow is subsonic after the shock, the flow decelerates, with
an accompanying increase in pressure, through the diverging
channel. As the back pressure is lowered further, the shock
moves downstream until it appears on the exit plane (Condi-
tion d). In Regime II, as in Regime I, the exit flow is subsonic.
Since flow properties at the throat are constant for all the con-
ditions in Regime II, the flow rate in Regime II does not vary
with back pressure.
In Regime III, as exemplified by Condition c, the back pres-
sure is higher than the exit pressure, but not enough to sustain
a normal shock in the exit plane. The flow adjusts to the back
pressure through a series of oblique compression shocks out-
side the nozzle. Condition b represents the perfectly expanded
condition. In Regime IV the flow adjusts to the lower back
Fig. 1 Pressure distributions for flow outside a Laval nozzle under different back pressures.
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the nozzle.
The back pressures for regular reflection and Mach reflec-
tion are between the Conditions b and c. After adding the reg-
ular reflection and Mach reflection into the investigation, a
total of nine cases are shown in Fig. 1(b). Point b represents
the perfectly expanded condition. Point d represents the third
limited condition on which a normal shock is located at the
exit plane. Point r represents the regular reflection. Point m
represents the Mach reflection. Point c represents the strong
oblique shock wave. Only regular reflection wave configura-
tions are possible over the interval b–r; regular and Mach
reflection wave configurations are theoretically possible over
the interval r–m where the hysteresis phenomenon may occur;
only Mach reflection wave configurations are possible over the
interval m–c; only strong oblique shock wave configurations
are possible over the interval c–d. The critical pressure ratios
at the points of b, m, r, c and d will be computed subsequently.
2.1.2. Introduction to regular reflection and Mach reflection
Mach15 was probably the first scientist to notice and record the
reflection phenomenon of shock waves. In his ingenious exper-
imental study, he recorded two different shock wave reflection
configurations. The first, a two shock wave configuration is
known nowadays as regular reflection, RR, and the second,
a three shock wave configuration was named after him and
is known nowadays as Mach reflection, MR.
The regular reflection wave configuration consists of two
shock waves: the incident shock wave, IW, and the reflected
shock wave, RW. They meet at the reflection point, R, which
is located on the reflecting surface. A schematic illustration
of the wave configuration of a regular reflection is shown inFig. 2 Schematic illustratioFig. 2(a). The Mach reflection wave configuration consists of
three shock waves, namely: the incident shock wave, IW, the
reflected shock wave, RW, the Mach stem, m, and one slip-
stream. These four discontinuities meet at a single point that
is known as the triple point, T, which is located above the
reflecting surface. A clear discontinuity in the slope between
the incident shock wave and the Mach stem exits at the triple
point. A schematic illustration of the wave configuration of a
Mach reflection is shown in Fig. 2(b). The Mach stem is usu-
ally a curve shock wave which is perpendicular to the reflecting
surface. In Fig. 3, p1 andMa1 are the pressure and Mach num-
ber before the IW; p2 and Ma2 are the pressure and Mach
number after the IW; p3 and Ma3 are the pressure and Mach
number after the RW; pnor and Manor are the pressure and
Mach number after the Mach item.
The shock waves of regular reflection and Mach reflection
are oblique shocks and these flow phenomena can be explained
using concept which was developed in the analysis of normal
shocks. The oblique shock is shown in Fig. 3. It is at some
shock angle b with respect to the incoming supersonic flow,
with velocity V1, and the flow is defected at some deflection
angle h, with velocity V2 after the shock.
von Neumann16 made a theoretical analysis about the reg-
ular reflection and Mach reflection for the supersonic flow
passing through a wedge wall and he found that there were
two extreme conditions for the RRMMR transition, namely,
the detachment criterion beyond which a regular reflection
wave configuration is theoretically impossible and the von
Neumann criterion beyond which a Mach reflection wave con-
figuration is theoretically impossible.
Fig. 4(a) presents the ðpi=p0; hRi Þ -polar solution of the flow
field near the reflection point, R, of a regular reflection. Then of wave configurations.
Fig. 3 Oblique shock.
Fig. 5 (I-R)-polar combinations.
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direction of the oncoming flow when the frame of reference
is attached to the reflection point, R. Fig. 4(b) presents the
ðpi=p0; hTi Þ -polar solution of the flow field in the vicinity of
the triple point, T, of a Mach reflection. The flow deflection
angles, hTi , are measured with respect to the direction of the
oncoming flow when the frame of reference is attached to
the triple point, T. Consider Fig. 4 and note that while in
the case of a regular reflection the R-polar intersects the p-
axis at two points, and in the case of a Mach reflection, the
R-polar does not intersect the p-axis and hence intersects it
at a single point. This situation is known as the detachment cri-
terion. At the detachment criterion, the flow deflection, hd, can
be calculated using the two-shock theory.17
von Neumann criterion is also called mechanical equilib-
rium criterion. Following Henderson incident shock waves,
which result in, at detachment, a situation in which the point
of tangency of the R-polar to the p-axis is outside the I-
polar (see Fig. 5(a)), are termed as strong shock waves, while
those resulting in a situation in which the point of tangency
of the R-polar to the p-axis is inside the I-polar (see Fig. 5
(b)) are termed as weak shock waves. Referring to the (I-R)-
polars combination shown in Fig. 5, the R-polar intersects
the p-axis exactly at the normal shock point of the I-polar.
Consequently, both a regular reflection and a Mach reflection
are theoretically possible at the intersection point. Hence, if
this point is indeed the RRMMR transition point, the transi-
tion would be continuous and mechanical equilibrium would
be maintained during the transition. At the mechanical crite-
rion, the flow deflection, hn, can be obtained using the three-
shock theory.17
One obtains that only regular reflection wave configura-
tions are theoretically possible in the range h < hn, and only
Mach reflection wave configurations are theoretically possible
in the range h > hd. In the intermediate range hd < h < hn,Fig. 4 ðpi=p0; hiÞ -both regular reflection and Mach reflection wave configura-
tions are theoretically possible. For this reason this intermedi-
ate domain, which is bounded by the von Neumann condition,
hn, and the detachment condition, hd, is known as the dual-
solution domain (see Fig. 6).
Both the detachment criterion and von Neumann criterion
are defined by deflection angles of flow in the shock wave
reflection theory. However, in this paper these different shock
wave configurations outside a Laval nozzle are associated with
various pressure ratios based on the cross-section area ratio. A
detailed analysis for verifying these different pressure ratios
will be presented next.
2.2. Deduction process of critical pressure ratios
Robert et al.18 shows the pressure ratios corresponding to the
perfectly expanded condition and the third limited condition in
which a normal shock appears at the exit of the nozzle. In the
present study, we expand the perception on the status of shock
wave reflection outside Laval nozzle. Three pressure ratios in
the regular reflection condition, the Mach reflection condition
and the strong oblique shock wave condition are deduced
firstly in the paper, which cannot be found in other references.
The following is the deduction process.
A planar Laval nozzle with a specific area ratio Ae=A
 is
applied to the present study. The perfectly expanded Mach
number on the exit plane, Ma1, variation through a nozzle is
governed exclusively by the cross-section area ratio Ae=A

through the relation.
Ae
A
¼ 1
Ma1
2
1þ c 1þ
c 1
2
Ma21
  cþ1
2ðc1Þ
" #
ð1Þpolar solution.
Fig. 6 Domains of possible shock wave reflection wave
configurations.
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exit plane and Mach number Ma1 is given as follows:
p1
p0
¼ 1þ c 1
2
Ma21
  cc1
ð2ÞFig. 7 Variation of pressure ratio p2=p0 with shock angle b at2.2.1. Critical pressure ratio of strong oblique shock wave
If the back pressure outside the Laval nozzle is different from
the exit plane pressure on the perfectly expanded condition,
with the back pressure decreasing from point d, the strong
oblique shock wave configurations will be firstly observed.
The reason is that shock wave configurations at the exit, which
are different from the configurations influenced by the flow
deflection angle, are affected by the back pressure.
After passing through a strong oblique shock, the flow
experiences a decrease in velocity to be subsonic. When it
passes through a normal shock, at a certain angle b ¼ p, the
Mach number after the shock decreases to a minimal value.
With the shock angle b decreasing continuously, the shock
becomes progressively weaker and there is an increase in Mach
number after the shock. The shock angle b is decreased to the
condition under which the flow after the shock is sonic, that is
the Mach number after the shock Ma2 ¼ 1. Under this condi-
tion, b is called the critical angle of the strong oblique shock,
bs, which can be deduced by the relation between Mach num-
ber after the shock, Ma2, shock angle b and Mach number
before the shock, Ma1 (see Eq. (3)). From Eq. (3), let
Ma2 ¼ 1, so Eq. (4) can be obtained and it is the result at
which the critical angle of the strong oblique shock, bs. Mach
number after shock wave will be equal to unity. In the interme-
diate range b < bs < p=2, the flow after the shock is subsonic.
Ma22 ¼
Ma21 þ 2c1
2c
c1Ma
2
1 sin
2 b 1þ
Ma21 þ cos2 b
c1
2
Ma21 sin
2 bþ 1 ð3Þ
sin2 bs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cþ 9
16
 3 c
8
Ma21 þ
cþ 1
16
Ma41
 s

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ cÞ
p"
þ cþ 1
4
Ma21 
3 c
4

1
cMa21
ð4Þ
bs can be obtained, and then substitute it into the relation
between the pressures before and after the oblique shock
p2
p1
¼ 1þ 2c
1þ c Ma
2
1 sin
2 b 1  ð5Þp2=p0 can be obtained from p1 by writing
p2=p0 ¼ ðp2=p1Þðp1=p0Þ, where the pressure ratios come from
Eqs. (2) and (5),
p2
p0
¼ p2
p1
 p1
p0
ð6Þ
As a result, the critical pressure ratio of strong oblique
shock wave can be defined as pstr=p0 ¼ p2=p0. In the range,
b > bs, a series of Mach numbers from 2 to 6 are given. The
change of pressure ratio p2=p0 with increasing shock angle b
is shown in Fig. 7.
It shows that the pressure ratio p2=p0 increases monotoni-
cally as a function of b. For each outflow Mach number, a
unique critical angle of the strong oblique shock can be
obtained, as well as a unique critical pressure ratio.
Eq. (7) relates the deflection angle h to the Mach number
Ma1 and the oblique shock angle b. The deflection angle h
can be obtained as a function of b, as shown in Fig. 8. It
can be noted thatMa1 and shock angle b were used to compute
h, but in reality the causality is the reverse.
tan h ¼ 2 cot b Ma1 sin
2 b 1
Ma21ðcþ cos 2bÞ þ 2
ð7Þ
It clearly shows that for a given Mach number and deflec-
tion angle, there are generally two possible oblique shock
angles-we could generate a weak shock (smaller b value, and
hence, smaller normal Mach number) or a strong shock(larger
b value, and hence, larger normal Mach number). The curve s
can be obtained if the critical shock angle bs is substituted into
Eq. (7). The intersection point of the curve s and the curve
Ma ¼ 1:4 corresponds to the critical deflection angle hs and
the critical oblique shock angle bs. For a given Mach number,
there is a maximal deflection angle, and any attempt to deflect
the flow at an angle h > hmax would cause a detached normal
shock instead of an oblique shock. So the maximal deflection
angle hmax can be represented as hd > hmaxðMa2Þ. Ma2 is the
Mach number after the first shock wave which is in front of
the reflected shock wave at the exit.
The intersection point of the curve m and the curve
Ma ¼ 1:4 corresponds to the maximal deflection angle hmax
and oblique shock angle bm. Eq. (8) relates the maximal obli-
que shock angle bm to the Mach number Ma1,different Mach numbers for b > bs.
Fig. 8 Deflection angles and oblique shock wave angles at
various Mach numbers.
Fig. 9 Analysis of critical pressure ratio for detachment
criterion.
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In the range b > bs, the shock angle b decreases from p=2,
with the back pressure decreasing, and the strong oblique shock
wave gradually becomesweaker. Thedeflection angle h increases
along the curveMa ¼ 1:4 from right to left. When it increases to
the value hmax, there is still an oblique shock, because of the high
pressure around it. As the back pressure decreases continuously,
h decreases along the curveMa ¼ 1:4 from right to left, until it
equals the value hs, which is the intersection point of the curve
s and the curveMa ¼ 1:4. The flow after the shock wave is sub-
sonic. As a result, there is only one strong oblique shock wave at
the nozzle exit and the reflected shock wave does not appear.
2.2.2. Critical pressure ratio of Mach reflection
If the shock angle b is smaller than the critical angle of strong
oblique shock bs, the first incident shock of the nozzle becomes
a weak oblique shock, and the flow after the shock is super-
sonic. Then the reflection of shock wave will occur. The Mach
number Ma2 after the shock is smaller than the Mach number
Ma1 before the shock. As a result, both regular reflection and
Mach reflection are possible with the same deflection angle.
According to the detachment criterion, the maximal flow
deflection angle of the reflected shock wave is
hd > hmaxðMa2Þ, and only Mach reflection wave configurations
are possible in the range h > hd. It should be noted that
hmaxðMa2Þ is associated with the Mach number Ma2 after the
incident shock wave. The numerical calculation for the detach-
ment angle hd > hmaxðMa2Þ as well as the critical pressure ratio
of Mach reflection pdep=p0 is made in this part.
The Mach number Ma1 and pressure ratio p1=p0 before the
incident shock wave can be obtained from Eqs. (1) and (2). Eq.
(3) relates the Mach number Ma2 after the incident shock to
the Mach number Ma1 before the incident shock and the inci-
dent shock angle b.
The deflection angle h and shock angle b are satisfied with
Eq. (7) and the deflection angles of the reflected and incident
shock are the same.The solution cannot be counted directly because of the
complicated implicit functions. The method of trial and error
is used to solve the Eqs. (3), (7) and (8) simultaneously. The
shock angle b decreases from bs, so Mach number Ma2 can
be obtained from Eq. (3), meanwhile Eq. (7) is used to solve
the deflection angle htpðMa1Þ of the reflected shock wave. By
combining Eqs. (7) and (8), hmaxðMa2Þ is calculated. The
detachment angle hd can be calculated when
htpðMa1Þ ¼ hmaxðMa2Þ. Subsequently, the shock angles of inci-
dent and reflected shock are computed. Finally, the critical
pressure ratio pdep=p0 ¼ p2=p0 for Mach refection is figured
out by Eq. (5). The detailed analysis is shown in Fig. 9.
It clearly shows that in the intermediate range,
arcsinð1=Ma1Þ < b < bs, h increases monotonically with the
increasing b, which is shown in Fig. 10. Thus the shock angle
and defection angle of Mach reflection are the minimal ones.
Fig. 10 displays the relations between the incident shock angle
b and the pressure ratio after the reflected shock at different
Mach numbers. The minimal shock angle of the incident shock
is associated with the critical pressure ratio of Mach reflection,
and only Mach reflection wave configurations are possible if
the back pressure is higher than the critical pressure of Mach
reflection.
2.2.3. Critical pressure ratio of regular reflection
In the range h < hn, only regular reflection wave configurations
are theoretically possible and the von Neumann angle hn is
associated with the critical pressure ratio of regular reflection
pvn=p0. The method of trial and error is used to get the value
of pvn=p0. For the three shock wave configurations, the pres-
sure on both sides of the slipstream is equal (p3 ¼ pnor) and
the velocity is the same in direction but different in magnitude.
On condition that p3=p1 ¼ pnor=p1, the numerical analysis of
the von Neumann criterion can be described by the diagram
shown in Fig. 11.
Besides, on condition that the flow deflection angles of inci-
dent and reflected shock wave are the same, the incident shock
angle increases from the Mach angle arcsinð1=Ma1Þ, until it
satisfies the von Neumann criterion h ¼ hn. It should be noted
that for a given Mach number and deflection angle, there are
generally two possible oblique shock angles–a weak shock
Fig. 10 Relations between shock wave angle and pressure ratio
after the reflected shock at different Mach numbers.
Table 1 Critical pressure ratios under different conditions
with Ae=A
 ¼ 5.
pdes=p0 pvn=p0 pdep=p0 pstr=p0 p13=p0
0.020993 0.084100 0.095933 0.200594 0.243356
Fig. 12 Relations between critical pressure ratios and area
ratios.
Table 2 Pressure ratios and back pressures under different
conditions.
Condition Pressure ratio Back pressure (Pa)
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and a strong shock (larger b value, and hence, larger normal
Mach number). In the calculation, a strong shock is chosen
to satisfy the von Neumann criterion if the Mach number at
the exit is smaller than a certain value (about 2.4). A weak
shock satisfies the von Neumann criterion if the Mach number
is larger than the value.
The pressure ratio p2=p0 is determined by the trial and error
method, and then the von Neumann criterion hn is associated
with the pressure ratio pvn=p0. And for a certain von Neumann
angle hn, there is a unique critical pressure ratio pvn=p0 .Fig. 11 Analysis of critical pressure ratio for von Neumann
criterion.
Perfectly expanded condition 0.020993 104965
Regular reflection 0.078 390000
Mach reflection 0.12 600000
Strong oblique shock 0.21 1050000
The third limited condition 0.243356 1216780
Fig. 13 Details of computation domain.2.2.4. Pressure ratios corresponding to different shock wave
configurations
According to the detachment criterion and von Neumann cri-
terion, more conditions of reflected shock wave configurations
are considered. The critical pressure ratios of strong oblique
shocks pstr=p0, Mach reflection pdep=p0 and regular reflection
pvn=p0 have been obtained numerically. The three critical pres-
sure ratios divide the interval, which begins from the perfectly
expanded condition to the third limited condition, into four
parts, as shown in Fig. 1(b).
Fig. 14 Boundary conditions of computation domain.
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ratio and the area ratio, which is shown in Fig. 9. It shows that
there are significant differences in pressure ratios among the
strong oblique shock, Mach reflection and regular reflection.
When the area ratio is larger than 3.5, the dual-solution
domain can be observed obviously, which is important to
make a detailed analysis about the hysteresis phenomenon.
In this paper, the area ratio is defined as Ae=A
 and then the
specific values of critical pressure ratios can be counted, whichFig. 15 Contours of pressure and Maare shown in Table 1. In Table 1, the pressure ratios pdes=p0,
pvn=p0, pdep=p0, pstr=p0 and p13=p0 correspond to the perfectly
expanded condition, the regular reflection condition, the Mach
reflection condition, the strong oblique shock wave condition
and the third limited condition on which a normal shock
appears at the exit of the nozzle, respectively (see Fig. 12).
3. Numerical simulation
For a Laval nozzle with the area ratio Ae=A
, the total pressure
is defined as p0 ¼ 5MPa, and thus the critical back pressures
under different conditions can be determined by Table 1.
Appropriate back pressures for strong oblique shocks, Mach
reflection and regular reflection are chosen to be applied to
the simulation. The results are shown in Table 2.
Because of the symmetry of the problem, the computations
are performed only in one-half of the domain (see Fig. 13). The
height of the exit is 0.15 m; the height of the throat is 0.03 m;ch number on different conditions.
Fig. 16 Mach contours for 11 different values of pb=p0
illustrating back pressure-induced hysteresis in RRMMR
transition.
1370 D. Wang, Y. Yuthe distance from the throat to the exit is 1 m; the length of the
computation domain is 4 m and the height is 0.65 m. The
domain over the exit is extended by 0.2 m to the left. The com-
putation domain is divided into 342750 quadrilateral cells.
Fig. 13 also displays the details of the mesh. Fig. 14 shows
the boundary conditions of the computational domain.
In the present study, the CFD software FLUENT is chosen
as the flow solver to describe the shock wave configurations
outside the nozzle. Steady RANS equations were solved and
RNG k–e two-equation turbulence model was used for the fol-
lowing simulations. A second-order, upwind discretization
scheme is employed for flow variables. An implicit, density-
based solver is adopted to the high-speed compressible flow
investigation in the study.
The shock wave configurations outside the Laval nozzle can
be illustrated by the Mach number distributions. Fig. 15 shows
the pressure contours and Mach number contours outside the
Laval nozzle.
When the back pressure is set at nozzle perfectly expanded
pressure, as is displayed in Fig. 15(a), the flow will be isen-
tropic through the nozzle and supersonic at the nozzle exit.
There are neither shock waves nor expansion waves. As the
back pressure is increased, a series of oblique shocks intersect
at reflection points continuously and the oblique shocks are
weak shocks (see Fig. 15(b)). Fig. 15(c) shows the Mach reflec-
tion wave configuration. Three shock waves and one slip-
stream can be easily seen. When the back pressure is higherthan the exit pressure, but not high enough to sustain a normal
shock at the exit plane, a series of strong oblique shocks forms
outside the nozzle (see Fig. 15(d)). As the back pressure is
increased further, a normal shock appears at the exit plane
(see Fig. 15(e)).
4. Hysteresis in RRMMR transition
In order to describe the hysteresis process outside the Laval
nozzle, a detailed numerical simulation is presented next. It
should be noted that the results of the present study of back
pressure variation-induced hysteresis are partly presented.
The critical pressure ratio that corresponds to the regular
reflection and Mach reflection are 0.084100 and 0.095933
(see Table 1). Fig. 16 shows the numerical results for Ae=A
,
p0 ¼ 5MPa; and 11 different values of pressure ratios, pb=p0,
which follow the sequence 0.078, 0.085, 0.087, 0.090, 0.098,
0.120, 0.098, 0.090, 0.087, 0.085, and 0.078. The sequence
clearly illustrates a hysteresis outside a Laval nozzle induced
by back pressures in the RRMMR transition. The pressure
ratio pb=p0 is increased from 0.078 to 0.120 and then decreased
to the initial value. The RR?MR transition takes place
between pb=p0 ¼ 0:090 and 0.098 (see Fig. 16, frames 4 and
5), whereas the reverse, MR?RR transition is observed
between pb=p0 ¼ 0:085 and 0.078 (see Fig. 16, frames 10 and
11). It is in a close agreement with the theoretical value.
5. Conclusions
Further investigation for different shock wave configurations
outside a Laval nozzle was conducted in the present study
and some conclusions have been drawn.
(1) More conditions were quantificationally found outside a
nozzle. These conditions were weak oblique shock reflec-
tion on the regular reflection pressure ratio condition,
Mach disk configurations on the Mach reflection pres-
sure ratio condition and the strong oblique shock wave
configurations in the corresponding condition. For a
Laval nozzle with a specific area ratio Ae=A
, critical
pressure ratios pdes=p0, pvn=p0, pdep=p0, pstr=p0 and
pl3=p0 correspond to the perfectly expanded condition,
the regular reflection condition, the Mach reflection con-
dition, the strong oblique shock wave condition and the
third limited condition under which a normal shock
appears at the exit of the nozzle are 0.020993,
0.084100, 0.095933, 0.200594, and 0.243356.
(2) The hysteresis process in the dual-solution caused by
various back pressures based on the changes of cross-
section area ratio was confirmed by conducting a numer-
ical simulation. The RR?MR transition takes place
between pb=p0 ¼ 0:090 and 0.098, whereas the reverse,
MR?RR transition is observed between pb=p0 ¼ 0:085
and 0.078. It is in a close agreement with theoretical
values.
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